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principal lattice directions. The corresponding Green’s kernel is found and from this wave
dispersion dependencies are obtained in explicit form. An equation of the Wiener-Hopf
type is also derived and solved along the crack face, in order to compute the stress
intensity factor for the semi-infinite crack. The crack stability is analysed via the
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1. Introduction

Models for cracks propagating in lattices have been extensively studied in Slepyan (2002) and Marder and Gross (1995).
As noted in Marder and Gross (1995), discrete models enable one to answer fundamental questions about the influence of
the micro-structure on the crack motion, and in particular, about the origins of crack instability. Marder and Gross have
observed that analytical models of cracks in a lattice involve bond-breaking terms, which are in general non-linear. They
have also noted that a nonlinear interaction can be approximated by a linear interaction if bonds along the crack break in
sequence. A fracture criterion is also an important part of a numerical simulation describing advance of a crack through a
lattice.

We make an emphasis on non-uniformity within a lattice, which can bring new effects in the wave dispersion and
filtering properties of the structure. These non-uniformities may be caused, for example, by thermal pre-stress of a
constrained lattice whose ligaments have different coefficients of thermal expansion. Linearisation near the pre-stressed
state may lead to a model of a lattice with contrasting stiffnesses of bonds. An important example corresponds to stratified
systems represented by a triangular lattice, where the stiffness of horizontal bonds differs from the stiffness of other
bonds. Such an elastic lattice, containing a moving crack, is analysed in the present paper. Throughout the text, we use
the notion of the moving system of coordinates linked to the crack tip. While the emphasis here is made on the
analytical findings, the computational models for different fracture criteria are of paramount importance. A separate
computational study of advancing crack, based on a deformational fracture criterion, has been presented in Slepyan and

* Corresponding author. Tel.: +44 151 231 2253.
E-mail address: M.J.Nieves@ljmu.ac.uk (M.J. Nieves).

0022-5096/$ - see front matter © 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.jmps.2012.12.006


www.elsevier.com/locate/jmps
www.elsevier.com/locate/jmps
http://dx.doi.org/10.1016/j.jmps.2012.12.006
http://dx.doi.org/10.1016/j.jmps.2012.12.006
http://dx.doi.org/10.1016/j.jmps.2012.12.006
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jmps.2012.12.006&domain=pdf
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jmps.2012.12.006&domain=pdf
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.jmps.2012.12.006&domain=pdf
mailto:M.J.Nieves@ljmu.ac.uk
http://dx.doi.org/10.1016/j.jmps.2012.12.006

M.J. Nieves et al. / J. Mech. Phys. Solids 61 (2013) 1464-1488 1465

Ayzenberg-Stepanenko (2002) for the homogenous triangular lattice, and in Colquitt et al. (2012) for the case when the
lattice is not uniform.

The full analytical solution is derived here in terms of Fourier transforms for a general type of load following the
moving crack. For practical computations, the load has been chosen as in Slepyan (2002) to represent the remote force
distant from the crack tip.

Problems involving inhomogeneous lattices containing semi-infinite cracks have been recently analysed. Examples
include those containing particles of contrasting mass (Mishuris et al., 2007), and the dynamic extraction of a chain within
the lattice (Mishuris et al., 2008).

The propagation of the crack may be caused by feeding waves, generated by some remote source, which lead to the
breaking of subsequent bonds within the lattice. Feeding waves bring energy to the crack-front bonds which cause their
disintegration one by one and this produces dissipative waves which carry energy away from the front. This process has
been investigated in Slepyan (2001a), where Mode III crack propagation within a square-cell lattice is considered, under
the assumption of uniform straight line crack growth, and steady state solutions have been obtained. The lattice is
assumed to have bonds of identical stiffness which connect particles having a common mass.

The analysis of Mode I and II crack propagation in a uniform discrete triangular lattice was studied in Slepyan (2001Db).
Compared to the case of the square-cell lattice, the equations of motion relate components of the vector field of
displacements. It has been shown that both the solution to this problem and the explicit form of wave dispersion relations
can be obtained.

From these lattice models, it is possible to determine the regions of crack speeds for which we have steady state crack
motion, and the stability of these states can also be determined by computing the energy release rate for the crack. This
has been examined in Fineberg and Marder (1999), Marder and Gross (1995) and Marder and Liu (1993). Another
application for a lattice problem is found in Slepyan et al. (2010). Here, the model describing a structured interface along a
crack with a harmonic feeding wave localised at the faces was used to predict the position of the crack front. Numerical
simulations were presented in Mishuris et al. (2009a) and Slepyan et al. (2010) showing that, for a given range of
frequencies of the feeding wave, it was possible to have uniform crack growth or, in the non-linear regime of non-steady
propagation, to identify an average crack speed, which is consistent with the prediction of the linear model linked to the
crack propagating steadily.

The method of solution of these problems involves formulating the discrete lattice problem in terms of the Fourier
transforms of functions describing the displacements (Mishuris et al., 2009b). A Wiener-Hopf functional equation is then
derived along the crack faces and factorised to obtain the solution. The kernel in the Wiener-Hopf equation has the
interpretation of the Fourier transform of the derivatives of Green’s kernel. Similar features also appear in continuum
models of cracks which are solved using singular integral equation techniques.

In this paper, using the method in Slepyan (2001b), our main goal is to solve the problem for a discrete triangular
lattice, which is constrained at infinity, containing a semi-infinite crack with additional inhomogeneities being brought by
the inclined bonds having a contrast in stiffness to the horizontal bonds (see Fig. 1). This contrast in stiffness may arise as
an effect of thermal pre-stress, for instance, heating a lattice with bonds that have different coefficients of thermal
expansion in the principal directions. The problem for a crack in the uniform triangular lattice has been studied in Slepyan
(2002, Chapter 12).

The plan of the paper is as follows. Section 2 includes the description of the problem for a two dimensional lattice with
a semi-infinite crack, containing particles of common mass with bonds having contrasting stiffnesses in the principal
directions. In Section 3, we rewrite the problem for the lattice using the continuous Fourier transform in the crack line
direction, and these equations are solved for the displacements of a particle inside the lattice. A Wiener-Hopf equation for
particles along the line of the crack is then written in Section 4 and the representation of the kernel function of this
equation is derived. An analysis of the dispersion relations obtained from the roots and poles of the kernel function is
carried out in Section 5. In Section 6, we solve the Wiener-Hopf equation of Section 4. In Section 7, we evaluate the energy
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Fig. 1. The inhomogeneous lattice containing a semi-infinite crack showing the lattice coordinates. The crack is located between the rows n= -1
and n=0.
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release rate for the crack propagating through the inhomogeneous lattice and investigate its sensitivity to the crack speed
and to the stiffness contrast. We compute the stress intensity factor for the semi-infinite crack propagating through the
inhomogeneous lattice and show its behaviour, for different stiffness contrasts, as a function of the crack speed in
Section 8. In Section 9, we give conclusions on the results presented here.

In addition to the main text of the paper, we also provide Appendices which include more details of the derivations of
the results contained in the main body of the paper. In Appendix A, the coefficient of the leading order term of the
asymptotics for the kernel function near the zero wavenumber is studied. Some comments relating to the analysis of the
poles for the kernel function of the Wiener-Hopf equation are presented in Appendix B. Properties of the kernel function
which are necessary for its factorisation as a product of two functions, analytic in different halves of the complex plane, are
proved in Appendix C. In Appendix D, the derivation of the solution to the Wiener-Hopf equation is given. Finally,
asymptotes in the vicinity of the zero wavenumber for the functions obtained after the factorisation of the kernel function
are derived in Appendix E.

2. Elastic lattice and the governing equations
2.1. The notion of Slepyan’s crack

The crack in the infinite triangular lattice considered here (see Fig. 1), is a semi-infinite fault which appears as the result
of subsequent breakage of bonds in a straight line, and propagates with a constant speed V according to n =x—Vt (e.g.
between rows n=0 and —1 in Fig. 1). Here, x is the horizontal coordinate associated with the crack tip node, directed in the
line of the propagation of the crack, and t is time. This approach to describing the crack propagation, was first used in
Slepyan (2001Db). It allows for the reduction of the full transient problem to a simple difference problem in the vertical
direction following the Fourier transform with respect to 7, where the forces in the bonds of the lattice can be linked to the
displacements and stresses through a Wiener-Hopf equation along the crack. Dispersion properties of this lattice
configuration can also be obtained through the roots and poles of the kernel function involved this equation. The approach
is elegant and leads to a closed form solution. One of the drawbacks is that the model does not serve the case of small crack
velocities, as discussed further in the text below. However, for a finite range of values of a subsonic crack speed, one can
identify a regime of steady crack propagation. In the real physical situation, crack propagation can be treated in the
averaged sense, and the average crack velocity can be evaluated, as discussed in Mishuris et al. (2009a).

2.2. Non-uniform lattice

We consider a triangular lattice containing a semi-infinite crack (see Fig. 1), where horizontal bonds are assumed to
have stiffness u; and diagonal bonds stiffness . In the following, the ratio of bar stiffnesses is o = p, /it,. The length of the
bonds connecting the particles is normalised to 1. All particles are assumed to have identical mass m.

To characterise the positions of masses within the lattice, it is convenient to use the basis vectors ey =(1,0)" and
e; =(1/2,4/3/2)". The in-plane displacement vector at the node x = key+ne;, where k,n are integers, is u(t,x). Projected
displacements onto the horizontal and vertical axes, associated with the crack tip node, are denoted by u and v, respectively.

It is also assumed that the external forces G and H act on the nodes along n=0. Along n=0 the forces G and H are
directed along —e; and ey;—eq, respectively (see Fig. 2). The exact form of these forces will be specified in Section 4.

We define the constant

1
Cr= 2m—1/2\/2'u1+'uz_v 3#%"’(/11—#2)2' 2.1

as the critical surface wave speed for a wave that propagates along the crack faces aligned with the x-axis, which are
traction free. The crack is assumed to propagate steadily through lattice with speed V < Cg, and this propagation is caused
by the breaking of the bonds between rows n= —1 and n=0. Note that for bond length normalised to 1 and p; = u, the

g H

Fig. 2. The particles along the crack face at n=0, acted on by external forces G and H.



M.J. Nieves et al. / J. Mech. Phys. Solids 61 (2013) 1464-1488 1467

above expression coincides with that for the Rayleigh wave speed for the homogeneous infinite triangular lattice with a
semi-infinite crack (Slepyan, 2002).

2.3. Normalised crack speed

Let V, be the dimensionless crack speed defined by V., =V,/m/u,. Since we consider the sub-critical surface wave
speed regime, using (2.1) we obtain

Cm  20+1—4/302+(—1)°
V2 <ga)=R= = ) 2.2)

Ha 4

Proposition 1. The function g(«) is increasing for o > 0, with 0 < g(x) <3/8 and dg/do. < 3/4.

Proof. For g(o), in (2.2), we have
1 40—1

2 4Bz +(a—1y

and with 0 <o < 1/4, it is clear that g(«) is an increasing function on this interval. Now, let o > 1/4. Using the inequality

(4o—1)%
—

dg =
@(“) =

302+ (—1)* > 2.3)
leads to

dg

ﬁ(ac) >0, foro>1/4.
Therefore, g(o) is an increasing function for o > 0, and

g(0)=0, and g < alim g(o) = % o> 0.

Next, owing to (2.3)

2 2
%(a): 1 ( (1-4%) —4><0,

2
o 4 /3oc2+(ocf1)2 3024 (o—1)

which shows dg/du is a decreasing function, that takes its maximum as «—0

dg
5, 0= O

3
i
2.4. Dynamic equations for the lattice above the crack
The equations of motion for a particle inside the lattice (n > 0) are
mi =y, e - {“|x+e0 +“‘x7eg_2“|x}e0+“2}z]2"f : {u\ij +u\x7vj—2u\x}vj, (2.4)
J=1
where v; =e; and v, =e;—ey.

Making a change of variable to the moving coordinate system, we set # =x—Vt. Then (2.4) in terms of projected
displacements becomes

2 42
L G 0= GO+ 1 /215 1) 0011 201 D) u0+1/2.n-1) Uy =1 /2,n-1)
2
—?[v(iﬁ-l/2,n+1)—v(11—1/2,n+1)+v(11—1/2,n—1)—v(17+1/2,n—1)]

—ou(n+1,n)+umn—1,n]+1+20)u,n) =0,
and
2 42
HL—VZTZ(n,n)— ?[u(ﬂ+1/2,n+ D—-um-1/2,n+1)—u(n+1/2,n-1)+un-1/2,n—-1)]
2

—%[u(n+l/2,n+1)+v(11—1/2,n+1)+v(11+1/2,n—1)+v(11—1/2,n—1)]+3v(n,n) =0,

where u(n,n) and v(y,n) are the horizontal and vertical components, respectively, of the displacement vector u, along row n
after the change of variable.
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3. Solution for the lattice half-plane

Here, for the intact part of the lattice (n > 0) we will obtain the solution to the problem of Section 2.4. We follow the
method discussed in Slepyan (2001b), which makes use of the continuous Fourier transforms uf and v with respect to the
moving coordinate associated with the crack. The Fourier transform is defined as

UF:/ U@)e' dny,

where the Fourier transform variable & represents the wavenumber. We also introduce the left-sided and right-sided
Fourier transforms U_ and U .

Us = [ UGpHCEmet dn,
—00
where H is the Heaviside function. When regularisation is needed, ¢ is assumed to be complex with +1Im £ > 0.
3.1. The continuous Fourier transform of the system

We take the Fourier transform with respect to #, and obtain

Wf (& n+1)+uf(&n—1)] cos(&/2)—2[1+2a(1—cos(E) +m(e+iEV)? /i, uf (E,n)
—iv/3 sin(¢/2)F (€ n+1)—vF(En-1)]=0, 3.1

3F(En+ D) +vF(En—1)] cos(é/2)-2[3 + m(e+iEV)? [, 0F (E,m)
—iv/3 sin(¢/2)u (é,n+1)—uf (¢,n—1)] =0, 3.2)

where ¢ is the regularisation parameter, 0 <¢ < 1.
3.2. General solution for the half-plane lattice

The functions u and v* are sought in the form
uf =CcA™ and vf=DA".
Insertion of these into (3.1) and (3.2) yield
C{(A+1/A) cos(&/2)—2[1+2a(1 —cos(é))+m(£+iéV)2/y2]}—i«/§ sin(¢/2)(A-1/4)D =0,
D(3(A+1/4) coS(E/2)—2(3 +m(e+iEV)?/ i)} —iv/3 sin(é/2)(A—1/4)C = 0.

For non-trivial solutions of C and D, the biquadratic equation in terms of A must be satisfied
(A+1 //1)2—2{2 +20(1—cos(&) + %m(eﬂévf }(/1+1 /A) cos(E/2)
2
+2{1+cos(&)+4o(1—cos(E))} + % m(e+iév)>? {4+20c(1 —cos(&))+ ME(.sHéV)z} =0. 3.3)
2 2

We require that |4] <1, and this leads to the solutions

Aj=z+,/22-1, j=1.2, (34

where the sign in front of the square root in A; has to be chosen so that the condition |4;| <1, j=1,2, for . € Rand V >0,
is satisfied. For j=1, 2

i 2102 2 iEV)4 i£V)?
zj=| 1420 sin2(§/2)+72m(8+lfv) cos(é/2)+(=1y mre+1cV) (S—HfV) -4 sin2(§/2) asin2(£/2)+—m(8+liv)
3, 9us 31
. 5 m(e+iév)? 12
x [ o sin (5/2)+T+l—o¢ . 3.5)
2

Then for n > 0, with such choices of A, the Fourier transforms of the displacements have the form

<UF(évn)) 1 < fv(Al)fu(AZ) fv(Al)fv(AZ) > <C1Arll)

VEm) ) T Folnfodn) \ —ifuAnfou(Az)  —ifu(A)fy(An) ) | Contl 3.6)

where
fu)y==+3sin(&/2)(A*~1) and f,(A4)=3(A%+1) cos(¢/2)—2A3+m(e+iEV)? /),

and G, j=1, 2 are arbitrary constants, to be determined.
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3.3. Mode I symmetry conditions

For Mode I, using the symmetry relations
u@,—n-1=u@,n), v@,—n-1)=-v@m,n), (3.7)

we can extend the solution in the upper half-plane (3.6) to the lower half-plane. Then, for n < —1, the Fourier transforms of
the horizontal and vertical displacements are

urem) FoADfu(A2)  FulADfy(A2) \ (CrA™!
vFEn) | fuA)f (A) \ ifu(ADf(A2)  ifu(A2)f (A1) )\ CoA" " )

The elongations in the bonds directed along —e; and ey—eq, respectively, for a node in the upper half-plane of the lattice,
have the form

1 3
S =5 [u(n,n)—u(n—l/2.n—1)]+§[v(n‘n)—vm—1/2,n—1)], (3.8)
T (1,1) =% [u(n+1/2'n—1)—u(f7,n)]+“/7§[v(17.n)—1/(n+1/2.n—1)]. (3.9

The symmetry conditions (3.7) lead to

1 3
S(n,0)= 5 [u(nYO)—U(n—l/2.0)]+§[v(11.0)+v(17—1 /2,00, T(1,0)=8(n+1/2,0)

or
V3
2

The representation (3.6), then allows S in (3.10) to be rewritten as

§HE0 =5 (1-e 2 E0)+ 1+ E0), THED) =8 (E0e 2 (3.10)

SF0) = R'TB(A;,4,)C, (3.11)

1
2f11(/11)fv(/12)
with

G 1-¢lé/2
“=la) ®=liaser) )

T— <1 0 >' B(/l],/lz): ( fv(A1)fi/(A2) fv(Al)fv(AZ) >

and

0 \/§ _fu(Al)fv(AZ) _fu(AZ)fv(Al)

In contrast, if the symmetry relation (3.7) is not used, the Fourier transform with respect to # can be applied directly to
(3.8),(3.9)

1 » .
SfEn = m[aAQ‘(I—A;le'C/Z)[f,,(m)f,,(Az>—1«/§fu(A1)fu(Az>]
+ G A= A5 €< D)f (A2)f (A1) ~IV3f (A2)f (AT, (3.12)
1 . )
TF(En) =~ S ) [C1 AT (A=A e /2)[f (A)f ,(A2) +iV3f (A1) y(A2)]
+CoAN1=A5" e ) (A2)f (A +IV3f (A2 (AD]], (3.13)

where the formulae (3.6) have been used in the derivation. Formally taking the limit as n— 0, we obtain

Foey 1 41,082 s
PO = o cipf iy O A=A € ADf ()= V3 (ADf o (42)
+Co(1-A5" €[ (A)f (A1) =iV 3 (A)f L, (AD], (3.14)
Frey_ _ 1 _ -1 ,-ig)2 ;
O =5 iy O A=A AN (A2) V(A (2]
+Co(1-A5" e 2 ,(AR)f (A1) +IV3F y (A2)f L (AT, (3.15)

The notations PF(¢) and QF (¢) are used instead of SF(£,0) and 77(¢,0) in the above formulae.
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4. The Wiener-Hopf equation along the crack

In this section, we will use the equations of motion for a particle on the upper crack face (n=0), to derive a Wiener-
Hopf equation. The kernel function of this equation is also obtained and its properties are investigated. This function is
used in (a) Section 5 for analysing the dispersion properties of the lattice and (b) for computing the energy release rate
ratio of the propagating crack in Section 7.

4.1. Dynamic equations along the crack face (n=0)

Now we consider the equations of motion for particles along n=0. The equations are similar to those presented in
Section 2.4. However, since particles along the crack face have no bonds corresponding to the vectors —e; and ep—e;, and
are acted on by external forces G and H (see Fig. 2), this should be taken into account. For convenience, it will be assumed
that these forces have the form G(17) = ¢(n) and H(n) = ¢(+1/2), where ¢ is a function to be chosen at a later stage (see
Appendix D).

Ahead of the crack, for particles along n=0, the elongation of the bonds corresponding to ey, e, e;—ey and —e, are the
same as those for a particle in the intact upper lattice half plane. Also the internal force of the bond in the direction of —ey,
can be written as

M®,0)=Sm,0Hm), MF=s,, 4.1

where H is the Heaviside function. Using (3.10) and MF, a similar expression for the internal force in the bond directed
along e;—e; is obtained, AT =&, e-1k/2,
Then, the Fourier transform of the equations of motion for the particles along the line n=0 are

T EHIEVPU (0 = 5 cos(E/2u (6 1)~ (201 -Cos(E/2) +1/20° £ 0)
2

iv3 . 1 .
7% sm(é/Z)vF(é,l)fj(ke*‘g/z)(& +¢" /1),

iv3 V3

Mﬂ(e+iéV)2vF<é,0) = I sin /2 )+ cos(E /20 ED S v ED -5 (e NS+ ¢ ).
2

In order that the expressions (3.6) fulfill these equations, the system
FO-P(O=-(1-eASs +¢" /1), QO+P(O=1+eTAS, +¢7 /1),

should be satisfied (see (3.1), (3.2), and (3.12)-(3.15)). Using (3.14) and (3.15) in the above left-hand sides leads to
E(A1,42)C = =M Aof (ADf (AR(S + +67 /1),

where the matrix Z(A1,45) = [5,—,—(/11,/12)]1~2J:1 has the entries

E11(A1,42) = Aof (A2)(F,(A1)(COS(E/2)— A7) ++/3 sin(E/2)f , (A1),

E1(A1,42) = Aof ,(A2)(—/3f y(A1)(€OS(E/2)— A1) +f, (A1) sin(E/2)),
Ep(Aq,42) =E11(A2,41) and  Epp(Aq,43) = Ez1(Az,41).
Therefore
C = A1 Aof J(A)f (AD[EA1, AT RS+ + ¢/ 11y).
Combining this with (3.11) yields

A4,

T Y F
*ml{ Q(A1,A)R(S 4 + ¢ /1), 4.2)

S0 =

with
Q(A1,42) =TB(A1,43)adj(E(A1,412)),

and
E(A2,47)  —E11(A2,41)
adj(E(A1,42)) = — — s
I(E(Ar.42)) <_521(A1v/12) 511(/11/12))
det(E(A1,42)) = E11(A1,42)E21(A2,A1)—E11(A2, A1) E21(A1,42). 4.3)
Since

. 0 1 . 0 1
adi@t A =-( o) @A, Bitadn =B o),
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the matrix Q matrix satisfies the relation
Q(A1,43) = —Q(A3,41). 4.4

4.2. The Wiener-Hopf equation

Next we set
S'E0) =8, +S.,

where S, S_ are functions analytic in the upper and lower half-planes of the complex plane, and as in (4.1),
MF(E,0)=8,, whereas the quantity S™ satisfies (4.2). After inserting this into (4.2), we obtain an equation of the form

LE+HEV, S, +8- = (1-LE+iEV,E" /1. (4.5)
Here,

A4,

Le+ieV.O =1+ 5@, . 4)

R'Q(A;,42)R,

where A, j=1,2, are given in (3.4).

We note that due to (4.4) and the antisymmetry of det(E(A14,45)) in (4.3) with respect to A, and A5, that L(e+iV,¢) is
symmetric with respect to A; and A,. An equivalent representation for L(¢+i£V,&) in terms of z; and z, (see (3.4) and (3.5))
is given by

3r(ADr (A3 22—21)\/22—1,/Z22 -1
LetiEV.E) = H(ADT(A3)(22—21)1/ 24 z5 , 456)

1(ADF(z2) /22 —1—1(A3)F(z1)\/ 25—

where

4 1, [4]<1,
A= —1, otherwise,

F(z) = 3(cos(¢/2)—z)* + 60 sin2(§/2)(1 +cos(¢/2))(1-2)+ Mﬂ (e4+iEV)?[1—z cos(£/2)+(1+cos(E/2))(1-2)].
2

The representation for L(e+ifV,&) in (4.6), contains the stiffness contrast parameter o which is found in the function F.

For the case o =1, (4.6) is similar to (12.47) of Slepyan (2002, Section 12.3.5), with the only difference here being that the

functions r(A7}), r(A3) have been included to indicate the change of the branch cuts of the square roots whenever |4, | > 1.
In the derivation of (4.6), from (3.4) we used

Aj=z—1(A))/Z7 -1,
together with the fact

1 .
1 =zj+1(A}) ij—l, forj=1,2.

4.3. Asymptotics of A1,

Here, we obtain estimates for the behaviour of the roots of (3.3), in the neighbourhood of zero and infinity, and discuss
their properties.
For the auxiliary functions z; j=1,2 we have

Z = m<*°+‘f"> {st(g/zm w\/m}wm) j=12, éo oo, 7

where the term in the parenthesis is non-zero for all £. Here, Y; =0 (1) for most values of & however for a periodic
sequence of & = & we have this is Y; = O((e+iéV)72).
In the other limit, £ — 0, we obtain

g= 1o +0(&"), ¢-0,

3 .
Z-1= %ﬁﬁoaéﬁ. i=12, 48)
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where

dj =3(40—1)-16VZ+(~1Y4M,, j=1,2, (4.9)

Mo = \/4V2+3(a—1)34—4V2), (4.10)

and V., =V,/m/u,, as above.
Now we consider the behaviour of A, at infinity, we have

1 _
Aj= 5—+0(z] %), €] >o0, (4.11)
]

that is, 4; =0 as |¢| > oo and here the sign in front of the square root in (3.4) is chosen to maintain the condition
|4;] <1, j=1, 2, in this limit.
Near zero

3
Aj:li%\/(;j—I—O(éz), & 40. (4.12)

Here, the sign in front of the term linear in ¢ is chosen so that |4;,| <1 for £—0. In the next section, we analyse the
behaviour of dj, j=1, 2 in (4.9) for o > 0 and 0 < V,, < Cg(m/u,)"/?. In particular, we show that d;, j=1, 2, do not belong on
the negative real axis. If d;, j=1, 2, is non-negative, then in the above expression the sign “—" should be used. For a
complex dj, the sign is chosen in such a way that |4;| < 1.

4.4. The constants d ,

Here we show that d; ; do not belong to the negative real axis in the complex plane. The proposition below is proved for
d; and the result extends to d, as well.

Proposition 2. For o> 0 and 0 <V, < Cr(m/u,)'/2, we have d; € C\R_.

Proof. We begin by assuming on the contrary that d; is negative, which is equivalent to the inequality

3(4a—1)—-16V2 < 4\/4vi+3(oc—1)(3a—4v§), (4.13)

with the assumption that the term under the square root in the right-hand side is positive. This gives rise to the cases:

(a)
3(4a—1)-16V2 >0,

together with
(3(40—1)—16V2)? < 16(4V2 +3(a—1)(30—4V2))

or

(b)
3(4a—1)-16V2 <0 and 4Vi+3(@-1)3a—4V2)>0.

The Case (a). One can obtain the inequality

3 1

2o+ 1 Vigz <u+—> <0.

2

4
Vim 8 8

The quadratic function of V2, in the left-hand side, has the zeros
31
8’ 8
which for o > 0, are both positive. Then (4.13) is only valid if VZ e (v2,v3) for & > 1/4 or V2 e (v3,v3) for o < 1/4. We now

show V2 lies outside these intervals for o > 0.
By Proposition 1,

V2, = +a,

max{V2} =g(w) < v, when a>1/4, (4.14)

where g(«) is given in (2.2).
For « < 1/4, owing again to Proposition 1,

dg 3 1 3 V3 3
@(ot)<zl, for o>0, g(0)<§. and g(1/4)_8<1—3><8.
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Thus
max{V2} =g(x) <v3, when 0<a<1/4.
This inequality with (4.14) shows that (4.13) is not valid for V., e (0,Cg/m/u,] and o > 0 for case (a) above.
The Case (b). The second inequality of this case can be rewritten as
90((11—06) -
where now the quadratic function on the left-hand side has zeros
3

W2 =21+ V1-a)

When o > 1 the inequality (4.15) is satisfied (since the zeros of the left-hand side are complex), and it remains to show
that the inequalities

Vir3(1-aVi- 0, (4.15)

C2m 3(4o—1)
2 R 2
Vi< ™ and V> 6

do not hold. These lead to

3(4o—1) N 5 7
~16 <g(a), ory/3u’+(a—1)"< Z—oc,

where the definition of g(x) in (2.2) has been used. From the above inequalities, we have a contradiction to (4.16) for
o >7/4. Assume 1 <o < 7/4, then the last inequality leads to

(4.16)

This is valid for o € (0,(—1/2++/3)/2). Hence (4.13) does not hold.
When « < 1, for (4.15) to be satisfied we put

VZsw? = %[oc—l +v/1—0a],
where

2
_Gm g Vi>3(4a_l)

2
v 1) 16

%

Here, as before, the last two inequalities are valid if 0 < o < (—1/2++/3)/2. It remains to check that

2,2 _ 3 Vemp 2 _ Cgm
V*>w+=§[cx—1+ 1-o] and Vi< ——. (4.17)

12%)
Both of these yield the inequality
o? (OCZ +oc—‘zl> > 0.

This is valid for & > —1/2++/2 and, since we have assumed that 0 < o < (—1/2++/3)/2, we have a contradiction to (4.17).
Therefore, (4.13) is not valid for V. € (0,Cr(m/1t,)"/?] and & > 0 in case (b) above. O

4.4.1. Asymptotes of L(e+i¢V,&)
Here, we obtain the asymptotics of L(¢+i£V,¢&) for &—0.

Proposition 3. For £—0, we have

. 1
Le+iéV,E) ~ Lg ———— +0(|&)), e— +0, 4.18
(e+i¢V,O) ~ Lo CESRE] (1&)) ( )
where
L= 3/ didy(By+/dy +B1/d2) 419
0= 5 5 T T3 (4.19)
2V/33B-8V2)(2Vi-3u)(Vi—1u+1)Vi+ 32
and

L j=12. (4.20)

11, i 2 3V2 30 1 )
Bi=5 |g(Vim(=1/Mo) _v*< 5E 41| =5 (a5 -2V5
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Proof. Using (4.8), for £—0

Mo
3

z-71 = +0(&%), (4.21)

and
Fz)=B;&'+0(&%), j=12,
together with (4.6), (4.9), (4.10) and (4.21) gives (4.18) where

Ly— Mo+/did
2v/3(B\/d1—B1\/d3)

Multiplying the numerator and the denominator by B;+/d; +B1+/d>, we arrive at (4.19). O

It is shown in Appendix A that Ly is positive for « > 0, and V < Cg.
5. Roots and poles of the kernel function L

Having obtained the expression for the kernel function L, we can now derive expressions for the dispersion relations of
the inhomogeneous lattice. We also show that these relations can be used to predict the behaviour of the argument of the
function L, which is needed in the computation of the energy release rate ratio for the propagating crack in Section 7.
Let m=1,

p=3r(ADr(A3)/22-1/7% -1

and

1(AD)F(z2)\/22—1—1(A3)F(z1) /231
q=

Zo—21 ’ 5.1)

so that in (4.6)
p

q

We now investigate the zeros of p and q of the above expression. This is carried out by setting ¢=0 and Q = £V, then
solving the equations p=0 and q=0 for Q.
The roots of the equation p=0 are given by

A (&) = v/6uy |cos(&/4), (5.2)
Q0O =241, sin*(&/A)+ 4, sin®(E/2)]' 2, 53)
Q&) = /6, |sin(E/4), (5.4)
Q&) =124t cOS? (/4 +4py sin’(E/2)]'2, (5.5)
Next we obtain the roots of the equation g=0. This equation, after multiplication by
1(A5)F(z2)1 /22— 1 +1(A}F(z1)\ /731,
leads to
202 1y_ 20,2
F(ZZ) (Z] 1) F(Z1) (Zz 1) -0 (5.6)

(z22—21)

Solutions of this extended equation are then (5.4), (5.5) and

Qo= J 240y + =345 + (1~ 1)? [ sin(E/2), 6.7

QP& = /6y, [sin(¢/2)|, (5.8)
Q&= \/ 200+t /385 + (1 — )* [sin(E/2), (5.9)

and it remains to determine which of the roots of (5.6) are those of (5.1). Each dispersion relation satisfies Q(&+4m) = Q(&).
Also note that for m=1, lim_, , o d@{”(&)/d¢ coincides with (2.1).
Functions (5.4) and (5.5), which are also roots of Eq. (5.1), and are in fact removable singularities of L.
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Fig. 3. For u; = p, =1, « =1, figure (a) shows the dispersion relations (5.2)-(5.5) and (5.7)-(5.9), along with the ray Q = £V for V=0.4504. The roots of L
are given by the solid curves, poles are shown by curves with the small dashes and the removable singularities are given by the dashed curves. The
regions given in (5.10) and (5.11) where 9(21)) and Q;D) are roots of ¢=0 are marked by the dashed and solid vertical lines. For comparison, we give the plot
of (b) arg(L), and (c) the imaginary part of the factor z,—z; contained in the representation (4.6) of L.

The choice of o and ¢ determines when (5.7)-(5.9) are solutions of g=0. Here, we present the results for the case o =1
and give the description of the behaviour of the argument of L. The function QSD) is a solution of (5.1). When

0.6667 < £/m < 13333 and 2.6667 < &/m < 3.3333, (5.10)

we have QY is a solution of g=0. For ¢/x satisfying
07614 < ¢/m<1.2386 and 2.7614 < ¢/m <3.2386, (5.11)

Q;D’ is a solution of g=0. The inequalities (5.10) and (5.11) are discussed in Appendix B.

In Fig. 3(a) we plot the dispersion relations (5.2)-(5.5) and (5.7)-(5.9), as functions of the wavenumber ¢, for
1 = Uy = 1. Included in this figure is the ray Q= V¢ corresponding to the speed V=0.4504. By comparison with the
diagram of arg(L) in Fig. 3(b), we see each intersection of the ray ¢V with the dispersion curves corresponds to a jump in
arg(L).

At approximately ¢ =, we have an additional jump in arg(L). This is a result of the behaviour of the factor z,—z;
contained in L (see (3.4) and (4.6)). This factor, as shown in Fig. 3(c), is either real or purely imaginary. As we approach
¢ =m, this factor moves from the negative imaginary axis in the complex plane, to the positive real axis (note that z;—z; is
the radical function of (3.5) where the positive square root is taken). The corresponding effect is a jump in arg(L) of /2.

For a lower crack speed, V=0.2140, we present the dispersion diagram along with the ray £V in Fig. 4(a). On the
corresponding picture for arg(L) in Fig. 4(b), we see this function jumps when the ray intersects the dispersion curves.
In particular, the ray £V intersects the curve corresponding to 9(31)) in the second region of (5.11), which again results in a
change in the value of arg(L). Also, in Fig. 4(c), at approximately, ¢ = 3.47w, we observe that the factor z;—z; moves from the
positive real axis to the positive imaginary axis. Again, the result we observe is a jump of 7/2 in arg(L) at this point.

Finally, for p; =1 and p, =10, (x=0.1), V=0.7998 we present the dispersion relations, the plot of arg(L) and the
imaginary part of the factor z,—z;, in Fig. 5(a)-(c). Comparing with Fig. 3, we see the distance between the dispersion
curves along with their height has increased, which can lead to greater absolute value of the area under the curve traced by
the argument of L.

6. Solution of the Wiener-Hopf equation
6.1. Factorisation of the Wiener-Hopf equation (4.5)

Here, we use the solution presented in Slepyan (2002) and extend it to the situation when the bonds within the lattice
have a contrast in stiffness in the principal lattice directions. We define the class 7 as the set of complex valued functions
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Fig. 4. For u; = u, =1, a=1, in figure (a) we show the dispersion relations (5.2)-(5.5) and (5.7)-(5.9), along with the ray Q = ¢V for V=0.2140. The
description of the curves in the dispersion diagram is the same as in Fig. 3. We again give the plot of (b) arg(L) and (c) the function Im(z;—z;), for the
purpose of comparison.
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Fig. 5. (a) For u; =1, p, =10, «=0.1, we plot the dispersion relations (5.2)-(5.5) and (5.7)-(5.9), along with the ray Q=¢V for V=0.7998.
The description of the dispersion curves is given in Fig. 3. The plots of (b) arg(L) and (c) Im(z,—z;) are also presented.

f: R—C satisfying
Re(f(&)) =Re(f(=%)), Im (f(&))=—Im((=&)).
For ¢ > 0, the kernel L € 7 and satisfies
Ind(L(e+i¢V,&)) = 5lim 21_n [arg(L(e+ilV,&))—arg(L(e—iéV,-&)] =0,
arg(L(e+i&V,&)) = —arg(L(e—itV,—¢)) and . lirP L(e+ifV, ) =1, 6.1)
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where Ind(L(e+i&V,&)) represents the number of times the contour traced by L(¢+ifV,¢) in the complex plane winds
around the origin. The proofs of these properties are given in Appendix C.
Then, the above conditions allow L(¢+iéV,&) to be factorised in the form

L=L.L,

where

. _ 1 [ InL(e+isV,s)
Li(8+1év,§)_exp<i H/,OOT ds), (6.2)

with e—»+0,Im¢>0for L, and Im & <0 for L_.

The function L, (L_) is an analytic function of ¢ in the upper (lower) half of the complex plane. The introduction of the
small positive parameter ¢ into L, shifts its zeros and poles (located on the real axis) into the upper or lower half of the
complex plane. Following this shift, the dispersion curves, discussed in Section 5, can be then used to identify in which half
plane each root and pole is located (see Slepyan, 2002, Chapter 2).

Suppose &, and £, are wavenumbers which correspond to the intersection of Q = ¢V with the zeros and poles of L,
respectively (see (5.2)-(5.5) and (5.7)-(5.9)), on the dispersion diagram. Also at these intersection points, let V <V, where
Vg =dQ/d¢ is the group velocity. Then, in this case &, and &, will be located in the lower half plane after the introduction of
¢ in L. Similarly, if V >V then &, and ¢, are shifted into the upper half of the complex plane (see Slepyan, 2002, Section
3.3.3). It is noted that the case V =V, is not considered here.

From the definition (6.2), it follows that L, (L_) contains all singular and zero points of L which are located in the lower
(upper) half of the complex plane for ¢ > 0.

Using (6.1), Eq. (4.5) can then be written as

F
L+S++%: <é—L+>%, (6.3)
which is similar to (12.58) of Slepyan (2002).

Here, the left-hand side of (6.3) is the sum of two analytic functions, one analytic in the upper half of the complex plane,
the other analytic in the lower half of the complex plane and in order to solve the problem, we must separate the terms in
the right-hand side in the same way. This is carried out by introducing the load ¢ in such a way that it allows for this
additive split. In Appendix D, an outline for this procedure is presented for the case when the load ¢ is chosen so that the
right-hand side can be represented as a linear combination of Dirac delta functions.

In what follows, we will consider the situation when the load applied along the crack faces generates a term of the form
Co(¢), in the right-hand side of (6.3) (see Appendix D for the derivation). Here, C is a constant which represents the
intensity of the load. Then S, and S_ have the form

_ c _ L_(e+iév,éc
T L (e+iEV,E(e—iE) T T wp(e+id)

Sy , &—+0. (6.4)

7. Energy release rate ratio

Here, we investigate the dependence of energy release rate ratio (Slepyan, 2002) on the stiffness contrast parameter o.
This is defined as

Go 2 [ arg(L(e+isV,s)) .
E_exp<E/o fds) £—+0, (7.1)

where Gy is the local energy release rate for the semi-infinite crack propagating through the lattice with speed V for sub-
critical surface wave speed regime and G is global energy release rate for the crack propagating through the corresponding
homogenised medium. This ratio describes the dissipation of energy created by breaking bonds at the crack front.

Next we show (7.1) can be obtained from (6.4). However, we note that the derivation of (7.1) does not depend on the
solution of the Wiener-Hopf equation in the previous section. The definitions of G and Gy follow Slepyan (2002,
Chapter 12) as the energy release rates globally and locally respectively. In particular, as in Slepyan (2002), G can be
defined as a limit

G=lim K2y S_(—ik)S - (ik),

and the local energy release rate is given as

Go= lim K 11, S_(—ik)S . (ik).
— + 00
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The global energy release rate G follows from the asymptotes of S, as {—0. The asymptotes of L. are
L, (e+i&V,&) ~ vio exp<1 / 7arg(L(8;rlsV,s)) ds>,

e—ic 7 Jo
L (e+iEV,8)~ ng exP(_% /Omw ds), 2

for ¢— +0, and their derivations are found in Appendix E.
Then, owing to (6.4) and (7.2),

C 1 /‘°° arg(L(e+isV,s)) )
Sy ~—————exp|—= —=— = "~ ds), 7.3
+ 1o/ Lo/6-1 P( 7 Jo S (7.3)

S~ \/LT)C3 _exp (71 / arg(L(¢+isV,s)) ds>,

fo(e+i&)Y 7 Jo s

where ¢ -0, é— 40, and so

2 0o SR

G:C—exp<—g/ wds), e— +0. (7.4)
Ha T Jo S

The local energy release rate is then given by the asymptotes of S+ when ¢ —oo. As a result of (6.1) and (6.2), L, —1 as
£ —oco. In the same limit we have

. ¢ s ._._C
Hp(e=10)" 7 pp(e+id)’
and so ,Go = C2. Then this and (7.4) imply (7.1).

Sy 00, 6> +0,

7.1. Sensitivity of the energy release rate ratio to the stiffness contrast

In this section, we set m=u; =1, so that «=1/u,, and we investigate the behaviour of the energy release rate ratio
(7.1) as a function of crack speed, when the stiffness ratio is increased (which corresponds to the decrease in the stiffness
of the inclined bars). The critical crack speed Cg(), in this example, has the form (see (2.1))

1
CR(O()‘m:l'M]:]=20(7]/2\/20(4»17\/30(24»(0(71)2. (7.5)

The critical surface wave speed Cg(x) is decreasing monotonically as « increases. The upper bound of this function is
Cr(0) = +/3/2 (when the inclined bars are rigid), and for « tending to infinity (the inclined bars are becoming much more
softer compared to the horizontal bars) the speed Cr(x) tends to zero. In Fig. 6(a), we plot the energy release rate ratio as a
function of normalised crack speed V/Cg(2), for oo =0.05, 0.1, 0.2, 1, 100. The crack, for low speeds, does not propagate
steadily. The intrinsic feature of the model discussed here is that the crack propagates uniformly with speed V. If this
assumption is not satisfied then the model does not describe accurately the propagation of the crack, which is depicted by
the non-smooth part of the curves on Fig. 6(a), e.g. for approximately V/Cgr(x) < 0.5 when « = 1. Formally, the oscillations
of Go/G for low values of V/Cg in Fig. 7, are caused by the highly oscillatory behaviour of arg(L) for low crack speeds, in
(7.1), as observed in Section 5. From Fig. 6(a), we see the percentage of speeds less then Cg(x), where this region is located,
is decreasing as o is increasing. The proposed model does not describe a true physical behaviour of the lattice system with
a crack for low values of V/Cg.

Contained in Fig. 6(b), is the plot of the energy release rate ratio against the crack speed which has been normalised by
Cr(0)=+/3/2. For . > 0.05 the ratio Gy /G tends to zero as we approach critical speed Cg(c) predicted by (7.5). For o > 0.1, in the
region of instability, the ratio Gy /G increases until it reaches a speed where there is a global maximum. For speeds greater than
this, we observe the ratio follows a smooth curve as it decreases to zero at the critical surface wave speed (7.5). In this region, this
behaviour shows that the model describes the steady propagation of the semi-infinite crack through the inhomogeneous lattice.

In Mishuris et al. (2009b), the dynamic problem for the propagation of a crack situated in a square-cell lattice, whose
rows contain particles of contrasting mass, is discussed. The sensitivity to the contrast in mass, of the ratio of the local
energy release rate G (for the lattice) to the global energy release rate G (for the corresponding homogenised material)
was also investigated. It was seen the values of Gy/G, for high crack speeds, increased monotonically as the contrast in
mass was reduced. Here, as shown in Figs. 6(a), (b) and 7, we do not have any monotonicity in the behaviour of G, /G for
different o. For example, in Fig. 6(a), the curve for o = 0.2 intersects those for o = 1,100 at approximately V/Cg() = 0.83
(where we are in the region of stability for all these curves). For speeds higher than this value, the ratio of Gy /G for o = 0.2
is greater than that for « =1 and « = 100. Another example of this can be seen for the curve corresponding to o = 0.1.

It was also observed in Mishuris et al. (2009b), for low crack speeds corresponding to the instability region of the
model, the values of Go/G where not monotonic as a function of the mass contrast parameter. A similar feature is also
observed here for low crack speeds as the stiffness contrast parameter o is varied. In Fig. 7, we plot the energy release rate
ratio for «=0.9,1 and 1.1. For speeds V/Cg(2) < 0.5 (the region of instability), there exists regions where all curves are
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Fig. 6. (a) The energy release rate ratio as a function of the normalised speed V /Cg(x), based on formula (7.1). (b) The ratio G, /G as a function of the crack
speed normalised by the supremum of Cg() over o > 0 (Cg(0) = +/3/2). We show the behaviour of this ratio for the stiffness contrasts o =0.05,0.1,0.2,1,

and 100.
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Fig. 7. The energy release rate ratio as a function of the normalised speed V/Cg(x), computed using formula (7.1), for the values «=0.9,1 and 1.1.
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intersecting one another and overlapping. For instance, when 0.35 <V /Cg() < 0.5, again there is no monotonicity in the
behaviour of Gy/G as o varies. We note that the critical speed in the scalar case (Mishuris et al., 2009b) was a material
constant and did not depend on the contrast ratio.

8. Stress intensity factor in the homogenisation approximation

In this section, we derive the expression for the Mode I stress intensity factor for the semi-infinite crack in the case
when the load ¢ applied along the crack faces generates the term C5(¢) in the right-hand side of (6.3), with C being the load
intensity. The solution of this problem is given in (6.4).

Using the fact that the energy required to break the crack front bond u,Go = C? (see the previous section), we compute
the inverse Fourier transform of S, in (7.3), so that to leading order

Go ( 1 /”O arg(L(e+isV,s)) )
S(n) ~ exp( —— = " "7 ds), forn>0, 8.1
D~ o P~ [, ; n @.1)

which depends on o and here Ly is given in Proposition 3. Here, the expression u,S(y) represents the tensile force in the
inclined bonds ahead of the crack. Let the normal traction ahead of the crack be o, then

0~ \ IBMZGO exp (— 1/ arg(Le+1sV.s)) ds>. 8.2)
LOTU’] T Jo S

@) 1> : : : :

o decreasing

K//\/GO
(o2}

0 . . . .
0 0.2 0.4 0.6 0.8 1

V Cft)

o decreasing

KI/\/GO

0 ! ! ! !
0 0.2 0.4 0.6 0.8 1

VI C,(0)

Fig. 8. The normalised stress intensity factor K;/1/Go as a function of (a) the normalised crack speed V/Cg(x) and (b) the normalised crack speed V/Cg(0),
based on formula (8.4), for & = 0.05, 0.1, 0.2, 1, 3. Here Cg(0) =+/3/2 is the supremum of (7.5) for o> 0.
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The Mode I stress intensity factor Kj, in the far-field is defined by the formula
K;= lim +/27no. 8.3)
n—-+0

On comparison of (8.2) and (8.3), we have the stress intensity factor K; is

Ki(o) = /G%ﬁ exp(—%ﬁww ds>A (8.4)

Now, setting i; =1 and allowing u, to vary, we investigate the behaviour of K; as a function of V and «. The expression
for K;/+/Go is given as a function of the normalised speed V/Cr(2) in Fig. 8(a) and as a function of the normalised speed
V/Cgr(0) in Fig. 8(b) for o = 0.05,0.1,0.2,1,3 (where V < Cg(x), see (7.5)).

As discussed in the previous section, at low speeds the model presented here does not describe the propagation of the
crack through the inhomogeneous lattice accurately. This is due to the highly oscillatory behaviour of the argument of L
and it leads to regions of instability, represented by the non-smooth behaviour in Gy/G for low speeds as seen in Fig. 6.
Since the expression K;/+/Go contains the ratio /G/Go (see (7.1) and (8.4)), we also see a similar behaviour in K;/1/Gp in
Fig. 8(a) and (b). For those speeds in this unstable region there is little physical significance of the results presented in the
figures below. As we increase the speed of the crack, we leave the region of instability, and the stress intensity factor
becomes a smooth function of the crack speed, and tends to a finite value for V tending to the critical surface wave speed
Cr(a) in (7.5), as shown in Fig. 8(a). For oo <1, in the vicinity of Cg(x), K; is a monotonically decreasing function for
increasing V. When o > 1, outside the instability region, K; passes through a global minimum before the converging to a
finite value at Cg(x). From the figure, we can see that overall the behaviour of the stress intensity factor is increasing as we
decrease the stiffness contrast o.

9. Conclusions

The paper has brought together analytical insight on a propagating semi-infinite fault in an elastic lattice with the
computational experiments and physical interpretation of the fields in such a lattice structure. One of the important issues
discussed here is the crack stability for different regimes of the crack speed and different values of elastic parameters of
the anisotropic lattice.

Although it appears that the analytical solution has a serious limitation due to the assumption of the steady crack
propagation, it has been shown in Mishuris et al. (2009a) that in the non-steady regime the averaging procedure appears
to be viable. In this case, the averaged solution follows the prediction of the linear model constructed for the case of the
steady crack propagation through the lattice.

It is also noted that the model predicts a low-speed unsteady regime, consistent with the results obtained by other
approaches (see, for example, Marder and Gross, 1995), for an accelerating crack at the initial stage (low speed) of the
crack advance. Although the model formally shows oscillations of the energy release rate ratio in this regime, it is not
designed to describe a true physical behaviour of a lattice system with a crack for low values of the crack speed. Hence we
do not associate any particular physical effects with these oscillations and simply refer to such a region as the region of
instability, where the crack is likely to exhibit a transient behaviour.
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Appendix A. The sign of L,

In this section we show that for V < Cy and « > 0 the constant Ly in (4.19) of Proposition 3, Section 4, is positive.
Note that by Proposition 1, for V2 < Cam/u,

3-8V2>0, 2V2-30<0 A1)
and
v37%(2a+1)v§+%°‘ > 0. (A2)

Also, owing to (4.9)

\/d1d2=8\@\/v12“+]v§+3<a+ 1) >0, (A3)

2 8 8
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since here the quadratic function of V2, under the square root, was shown in the proof of Proposition 2 to be positive for
V2 < C3m/u,.

Proposition 4. For o> 0, V2 < Cam/pu, the constant Lo in (4.19) is positive.

Proof. Part 1. Consider the cases when (a) o>1, O<V,ZF§C,22m/,u2 or (b) —1/2+v2<a<1 so that

%[oc—l +V/T=] < V2 <Cim/u,.
For the parameter values in both (a) and (b), My defined in (4.10) is nonnegative.
We show that B, in (4.20) is negative, which implies B, is also negative. The inequality B; <0 gives

2VE-3(a+1)V2 +%x > V2Mo. (A4)

Here, this is valid for

V2 < 3(@+1-+o2+1)
—

*

which is the case, since

for o > 0.

CGm  20+1-y/302+(@—1) _3e+1-va25T)
Hy 4 4

Indeed, the above provides us with

3vVo2+1—4/302 +(a—1)% <a+2, (A.5)

and the left-hand side is positive as a result of

9?2 +1) > 302+ (—1)%.
Thus from (A.5) we have

@+ 1B +(@—1)?)—Qo2—a+1)> =203 >0 for o> 0.
Then (A.4) leads to

3
E(SV?,73)(4V§7305)2 <0,
if Vﬁ <3/8, and this holds by Proposition 1. Therefore B; <0, for j=1, 2. This together with (A.1)-(A.3) shows Ly >0. O

3 Part 2. Consider the cases when (c¢) O<o<-1/2++2, 0<V2<Cm/u, or (d) —1/2+v/2<a<1, 0<V2<
i[oc—l+«/l—oc].

For the parameter values in cases (c¢) and (d), My in (4.10) is purely imaginary and can be written as

Mo=iRy, Ro=1/3(1-2)3a—4V2)-4V?, (A6)
where according to the proof of Proposition 2, R > 0 since V2 < C3m/u,. Then

dy=d, and B, =By,
and from (4.19)

- V3|di |Re(B1 /d1)
(3-8V2)Q2VZ-3u)(Vi-1 o+ 1V2+ %)’

Lo

By (A.1)-(A.3) it remains to show that Re(B; \/d;) is negative. We have
Re(By V/d1) = Re(By) Re(v/d1)+Im(By) Im(v/dy),

with
1 oa+1 3 1
Re(B;) = —§vi+ Tvi— g% Im(B)= éviR0 >0. (A7)
Note that due to (A.6) and (4.9), —7/2 < arg(y/d;) < 0, therefore
Re(+/d7) >0, Im(+/dq)<0O. (A.8)

The roots of Re(By), which is treated as a quadratic function of Vi, are

1;2i :%[0(4—] +vVo2+1]>0 fora>0.
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Considering case (d), we have
VZ<v? for3/d<a<l,

and then Re(B,) < 0. This with (A.7), (A.8) implies Re(B; 1/d;) is negative and part (d) is proved.
Returning to part (c), for Re(B;) < 0 we require

200+1—1/302 +(a—1)? ,
<v?,
4
which was shown to be valid for o > 0 in the proof of Proposition 2, Section 4. Therefore, the proof is complete. O

Appendix B. Poles of L

Here, for u; = u, =1, we verify the inequalities (5.10) and (5.11) hold, which indicate when the functions (5.8) and (5.9)
are solutions of (5.1), respectively.
For ¢ € [0,47], sign{r(A})/r(43)} =1 when V= + Q(ZD)/@ By direct substitution of (5.8) into (5.1) we obtain

aly _ s gn e = A SIN(E/2) tan(&/2)] |4 cos2(E/2)-1| (T &) -T2, ®.1)
where

Tj(¢) = sign{2(1+(—1Y sign{cos(¢/2)}) cos?(¢/2)—1}, j=1,2.
The factor in front of the curly braces in (B.1), is zero when & =0,%m,4n,2n, 8%, 07, 47, and is singular at ¢ =7 and 3.

We now show that (B.1) is zero in the neighbourhood of these poles, by solving the equation

T1(O)-Ta§)=0.
For & = m,3m it is clear this equation is satisfied. When &+ 1,37, we are left to determine when the inequality

1-4 cos?(£/2)>0

is satisfied. This occurs for ¢ e [¢7,4n] U [§ %, 2 7). The above is confirmed in Fig. 9.
Next, insertion of (5.9) into (5.1) yields

- . - JVAzsinE)
iv/3 sin®(¢/2)[sin(¢/2)[(2 cos(¢/2)—1++/3)y/v/3-2 sin (g/z){r(/l’i‘)+r(/1§)}. E2)

Aly_ 4 o0 =
= 21/2 cos?(¢/2)+43

The factor outside the curly braces in (B.2), for & € [0,47], has the roots £ =0,0.76147,1.23867, 27, 2.76147, 3.2837 and 47.
We must have sign{r(A})/r(A%)} = —1 when V = + Q/&. Fig. 10, shows the plot of sign{r(A%)/r(A3)} in this case, and we
see that this condition holds provided ¢ satisfies the inequalities of (5.11).

Appendix C. Asymptotic properties of L

We now state and prove some properties of the kernel function L, which are used in the analysis of the Wiener-Hopf
equation (4.5), in Section 6.

08

lql

06

04

02

o 05 1 15 2 25 3 35 4
&/

Fig. 9. The plot of the absolute value of g in (B.1) as a function of the normalised wave number, when V = + Q‘ZD'/g“.
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Fig. 10. The sign of the ratio of (A7) to r(A3) as a function of ¢/x, when V= + Q;D'/g“.

Lemma 1. L(e+i¢V,&)—1 as |£| - oo.

sign( A,/ rA)

-05
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05

-2

0 0.5 1 1.5 2 25 3 35 4
&n

Proof. According to (4.11), for |£| - oo, we have

A= L +0(z|7%), and r(AH=1,j=12,

J ZZj

JZ-1=z+0(¢[ ),

F(z) = 322— %(8+i§V)ZZj[2 cos(£/2)+11+0(|¢[?.

Since zj:O(\f\Z) for |£| > oo, then

F(z3)y/22—1-F(z1) z%—]:32122(22—21)+O(|£|4),

3(z—z) /22 —14 /251 = 32122(22—21)+O(\£\2).

The leading order term in both of the above estimates is O(\f\G) for |£| - oo, therefore

LEe+iEV,&) =1+40(¢| %), [¢]—»o00. O

Next we state

Lemma 2. For the product of two complex functions f(¢), g(¢) € J, we have (fg)(¢) € J.

This leads to

Lemma 3. For ¢ € R, ¢ >0, we have L(e+i&V,¢) € J.

Proof. The term

M 2_2v2 ey e 7,
2

C1n

since it has an even real part and odd imaginary part with respect to &. This together with Lemma 2 and (3.5) shows that

zj € J, j=1,2. and hence, after a second application of Lemma 2 with (4.6) we complete the proof.

Now we consider the index of the function L(¢+i£V,&) which defined by

Ind(L(e+i¢V,&)) = lim 2]_71 [arg(L(e+ilV,&))—arg(L(e—i&V,=&))].

(C2)
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This quantity can also be interpreted as the number of times the path traced by L in the complex plane for ¢ € (—o0,00)
winds around the origin. We have
Lemma 4. For ¢ >0, we have Ind(L(e+i¢V,&)) =0.

Proof. According to Section 6, if & = &* represents a root or a pole of L such that V <V, (V > V,), then the regularisation
parameter ¢ shifts this root or pole into lower (upper) half of the complex plane. Correspondingly, ¢ = —&* is then a root or
a pole of L such that V>V, (V <V,) and this will be located in the upper (lower) half of the complex plane after the
regularisation of L. Therefore, L(¢+i£V,&) has an equal number of roots in the upper and lower half planes and an equal
number of poles in the upper and lower half planes, and these numbers are independent of ¢. Hence it is sufficient to show
that for large ¢, Ind(L(e+i¢V,&))=0.

First assume &, ¢ > 1, so that |e+i¢V|> 1, then

1 1
G0V =gy *°<<+<v>)

and so

r(A;“) =1, 3@-z)/Z-1\/BB-1= 32125(z5—21) + O(e2 + E2V?),

and

Fz)\/2—1-F(z1) 25—1=BZ1Zz(zZ—zo—uﬂ(a+i£V)2<zZ—zl)(2+cos(é/2))+0(82+£2v2).
2

Thus, from (4.6),

o 2 .
LEt+ieV,e) =14 MEFicV) [2+cos(q/2)]+o< 1

. E2+EVi Lo, c3
3Uy2122 (82+§2V2)2> ¢ ©3)

where according to (3.5), z1z5 is O((? +£2V?)?). The remainder estimate here is uniform for large ¢ and &.

The plot of the contour traced by L(e+i¢V,¢) for large ¢ and &, with m=pu; =u, =1 (¢ =1), V=0.3941, can be found
in Fig. 11. In this figure both the plot given by (4.6) and the leading order term of (C.3) are presented, and it can be seen
there is a good agreement between both computations. When ¢ > &, from (C.3)

L(s+iéV,é)=1+7“2(2+2?S(é/2)) E—zf%} +O<;—4>, £— 00,

and this asymptotic expression (C.3) implies that for large ¢ the contour traced by L does not cross the negative real axis,
since to leading order the above real part is always positive, whereas the imaginary part can cross the real axis for
¢ € (—o0,00). Similar behaviour can be seen in Fig. 11, where the contour traced by L(¢+i¢V,¢) for & € (—4007,4007) in the
complex plane forms a closed loop which passes through 1. Therefore, Ind(L(¢+i¢V,&)) = 0 in the limit é— oo and this also
holds for all e>0. O

0.02

0.015

0.01

0.005

Im(L(e+i &V, E))

-0.005

-0.01

-0.015

-0.02
0.995 1 1.005 1.01 1.015 1.02 1.025 1.03 1.035

Re(L(e+i £V, E))

Fig. 11. The contour traced by L(¢+i¢V,¢) in the complex plane for e=10, m=pu; = u, =1, (« =1), V=0.3941, &/n € [-400,400]. The computations for
the solid curve are based on formula (4.6) and those for the dashed curve are based on the leading order part of (C.3).
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The next two corollaries provide us with additional properties of L needed for the factorisation of (4.5). As a corollary of
Lemma 3 we have

Corollary 1. For ¢ e R, ¢>0,
arg(L(e+1&V,&)) = —arg(L(e—itV,—¢)).

Owing to (C.2), Lemma 4 and Corollary 1 we also have

Corollary 2. For ¢ >0, arg(L(e+i¢V,&) =0 as &— + oco.
Appendix D. Solution of the Wiener-Hopf equation (6.3) for a particular load

In order to determine the functions S, and S_, as solutions of the Wiener-Hopf equation (6.3), for the sake of
simplicity, we consider a certain type of “load” (/)F which produces simple examples for the additive split P, +P_ in the
right-hand side of (6.3).

Let P, (P_) be the set of poles and Z, (Z_) the set of zeros of L(¢+i£V,¢) that are located in the upper (lower) half
plane. The first factor in the right-hand side of (6.3) is singular at the zeros of L_ and the singular points of L. Assume
¢, € P-, and

Ap

L, (e+ilV,6)~ T emie—EF
= p

a>0,e—+0, (D.1)
where {_ =1/(V,—V) for (-, . Also, suppose for & ez,

L (e+iEV.&) ~ Al e+i(E=E)P, b>0,6—+0, (D2)
for ¢ ¢ and {, =1/(V—Vy). Here, ¢, is a pole and & is a zero of L located in the lower and upper half of the complex
plane, respectively, and the constants A, and A, depend on o.

We consider two examples of the function ¢

(a)

Pa() = P = —CaRL_e)" exp[({_e—i&, MH(—n), (D.3)

and after taking the Fourier transform, we have
({_&)"Ca
= A =0, D.4

P = ericg O D
and (b)

bp(1) = p7) = Cp(2L , ) exp[—(C , e+i& MHM.
so that

b
¢B,+ = (2 £Cs (153,7 =0. (D.5)

C[Cye-iE=EN
In cases (a) and (b), we have C4 and Cp are constants representing the intensity of the load. Also
z:llTO ¢A(’7) = SLITO d)B(n) =0. (D'G)

Right-hand side of (6.3) for the load of case (a). We insert (D.4) into (6.3) and taking the limit as ¢ — +0 and noting that
due to (D.6)

we have using (D.1)

S. ACa . ¢ ¢
L.S;+—="2"2 lim - = S
TTETL 7wy om0 [Ce—i(E=E L e+i(E=E,)]
Here, according to Slepyan (2002, Section 2.2.4), the above limit results in the appearance of the Dirac delta function,
therefore

&e—+0.

S__ N 27'CAPCA (3(6—67)2 Apc,q 1 1
p

L e |,
St i, U s+1(é—€p)+£—l(§—ifp)
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Right-hand side of (6.3) for the load of case (b). Similarly, using (D.2), (D.5) and
aliTO ¢B'+L+ =0,

by Slepyan (2002, Section 2.2.4), we have
S. . Cp ¢, 8P
L,S;+~— = lim - —
UL o 1A, [C+a+l(fs—f;)]b[c+s—l(g—é;)]

Cp 1 !
. 5 B , €-0.
A &&= .UzA e+i(E—&h) + g—i(é—é?)} ‘

General solution of (6.3). Consulting the above cases (a) and (b), by linear superposition the right-hand side of (6.3) has
the form

S_ 1 1 1 1 1 1
L _—= - - — z - - —1,
ST, 2 A [s+1(é—g‘”p) * s—l(é—ép)] T ;Z B L?+l(€—c'fz) i)

gVPEP* G152

for £—0, where A, and B, are arbitrary complex constants.
Then the functions S, and S_ are given by

1 Ap
AT {Z g 2 i f)}

P tezy
_L©® Ap B, D.7
5= My LEZP e+1(E-¢p) +éZEZZ+ 8+i(€€z)] ' ®D

where ¢— +0. In Section 6, (6.4) follows by considering terms in (D.7) which correspond to ¢, =0 in (D.1) and (D.3).
Appendix E. Evaluation of L. for -0
Now, using the Cauchy-type integral of (6.2) and the asymptotic representation (4.18) for L when £—0, we derive
asymptotes of the functions L . near zero, found in (7.2). The logarithmic term in (6.2) is rewritten as
In L(e+i¢V,&) =In |L(e+i&V,&)| +i arg(L(e+i&V,E)).
Then

Ly (+iEV,6) = exp( /°°1n|L(€+1sVs)\ d)

arg(L(e+isV,s))
xexp( Eled> (E.1)

The first exponent on the right, by the Cauchy theorem, defines the modulus of L(¢+i£V, &), whereas the second exponent,
owing to the expansion

an+1

yields

exp (i 1 /oc arg(L(8+jsV,s)) ds) exp( 1 / arg(L(e+isV,s)) d)

2n s—¢& 27 S

for £—0. The integrand in the right-hand side is an even function as a result of Corollary 1, and so
exp(i 1 / arg(L(e+ JsV,s)) ds) exp( / arg(L(a+1sV s)) ds )
21 J_o s—¢ T Jo
Therefore, allowing ¢ — +0 in (E.1), and using Proposition 3, we obtain (7.2).
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