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Summary: A multiscale asymptotic approach is employed for 

mathematical modelling of indentation stiffness measurements for 
articular cartilage at the micro- and nano-scales. The present study is 

aimed to explain striking differences in the relation of the indentation 
microstiffness to the indentation nanostiffnesses experimentally 

observed for authentic cartilage and a model gel-microfiber composite. 

Introduction 

Indentation tests have been used for decades to identify mechanical properties of biological 

materials such as articular cartilage [1] and to assess its viability [2,3]. However, a number of 

papers have reported that indentation stiffness measurements in the millimetre-scale are not 

sensitive to even substantial changes in articular cartilage structure associated with early-stage 

osteoarthritis. It was experimentally observed [4] that all morphological and biomechanical 

changes occurring at the onset of osteoarthritis can solely be depicted on the nano-meter scale 

when probed by indentation-type atomic force microscopy (IT-AFM). 

Biomechanical problem formulation  

Articular cartilage exhibits scale-dependent indentation stiffness. In particular, as it was 

shown in [5], a micrometer-size spherical indenter revealed a unimodal stiffness distribution 

with the corresponding microstiffness of 1.3 MPa, whereas indenting articular cartilage with a 

nonometer-size pyramidal tip resulted in a bimodal nanostiffness distribution with the 

corresponding nanostiffnesses of 22.3 kPa and 384 kPa. In the context of exploring 

indentation treatment modalities for osteoarthritis, it is assumed [4] that the lower nano-

stiffness peak reflects the stiffness of the proteoglycan gel, whereas the higher nano-stiffness 

peak reflects the stiffness of the collagen fibrils. Thus, a nonometer-size indenter tip can 

assess the indentation stiffness of articular cartilage at the level of the fibrils as well as at the 

level of the proteoglycan gel.  
 

It should be emphasized [5] that single collagen fibrils exhibit stiffness in tension and 

indentation of a few gigapascals, while the IT-AFM values reported in [4,5] are much lower. 

In contrast, the mechanical behaviour of aggrecan gels show stiffness of only about 1 kPa, 

while the IT-AFM values reported in [5] are higher up to of order of magnitude. Thus, as it 

was observed in [5], indentation measurements of the isolated components do not take into 

account their mechanical behaviour within the tissue. In this study, a multiscale asymptotic 

approach is employed for mathematical modelling of indentation stiffness measurements for 

articular cartilage at the micro- and nano-scales.  

Asymptotic modelling approach  

We develop a simple asymptotic model to describe the mechanical behaviour of a relatively 

stiff infinite elastic fibre within an elastic matrix. Our asymptotic method is based on the 

method of matched asymptotic expansions and the asymptotic analysis of the so-called [6] 

junctions problems for elastic bodies pierced with elastic bars [7,8]. The key feature of the 

applied asymptotic method consists in with the modification of the asymptotic matching 

procedure suggested in [9] for elastic contact problems. 



Conclusion  

Asymptotic modelling (AM) is an analytical technique, which allows simplifying 

mathematical models in certain limit situations (thin inclusions, high relative stiffness, etc.). 

AM was successfully used for describing the interaction effect between cracks and inclusions 

[10], the size-effect in nanoindentation [11], and the interaction effect between asperities [12]. 

It is assumed that AM can explain striking differences in the relation of the indentation 

microstiffness to the indentation nanostiffnesses observed in [5] for authentic articular 
cartilage and a model gel-microfiber composite. In particular, it was found that the 

microstiffness of the model material amounted to only 0.66% of the articular cartilage 

microstiffness, whereas the model material’s nanostiffnesses were found within the same 

order of magnitude as that of articular cartilage for its both phases. This observation was 

explained [5] by the fact that in the model material, the fibrils are neither cross-linked nor 

spatially stabilized by any strong interactions.  
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