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SecondSecond orderorder homogenizationhomogenization withwith SecondSecond GradientGradient
Model (Model ( MindlinMindlin ))



RVE

SimplestSimplest heterogeneousheterogeneous model: model: inclusioninclusion

The The simplestsimplest model of model of heterogeneousheterogeneous material material isis the the matrixmatrix--((smallsmall))inclusioninclusion
modelmodel

RandomRandom
inclusionsinclusions::

RVERVE
matrixmatrix

inclusioninclusion

SquareSquare matrixmatrix
inclusionsinclusions::

ExagonalExagonal matrixmatrix
inclusionsinclusions::



First First orderorder homogenizationhomogenization

EnergyEnergy matchingmatching byby imposingimposing the the samesame first first orderorder displacementdisplacement fieldfield

IsotropicIsotropic pressurepressure ShearShear

HeterogeneusHeterogeneus
materialmaterial

HomogeneusHomogeneus
materialmaterial

Energy Energy 
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So So wewe obtainobtain the the elasticelastic constantsconstants of the of the homogenizedhomogenized materialmaterial

NoticeNotice thatthat wewe dondon’’t t seesee anyany shapeshape effecteffect intointo thatthat resultresult
asas long long asas the the inclusioninclusion isis diluiteddiluited (f (f isis infinitesimalinfinitesimal) ) 

,kµ

f Volume ratio of the Volume ratio of the 
inclusioninclusion

First First orderorder homogenizationhomogenization



The The genericgeneric secondsecond orderorder displacementdisplacement fieldfield can can bebe writtenwritten asas

SecondSecond orderorder homogenizationhomogenization

The The strainstrain becomesbecomes

The The elasticelastic potentialpotential

The The elasticelastic
energyenergy



SecondSecond orderorder homogenizationhomogenization

WeWe impose a impose a displacementdisplacement fieldfield toto eithereither the the heterogeneousheterogeneous and the and the 
homogeneoushomogeneous material and match the material and match the secondsecond orderorder averageaverage strainstrain

( ) ( ), , , , 0he ho
m m i ik k kξ µ µ ξ µ− ≠ThenThen wewe compare the compare the elasticelastic energiesenergies

WeWe fillfill the the secondsecond orderorder energyenergy gap gap withwith a a secondsecond
orderorder energyenergy due due toto the the MindlinMindlin modelmodel ( ) 2, , ,he ho ho

m m ordk kξ µ µ ξ−∆ =

So So wewe impose the impose the samesame displacementdisplacement fieldfield
The energy contribution of the small inclusion is higher order iThe energy contribution of the small inclusion is higher order infinitesimal so nfinitesimal so 
can be neglectedcan be neglected



EquilibriumEquilibrium conditioncondition –– lacklack of of generalitygenerality

The The secondsecond orderorder displacementdisplacement fieldfield mustmust satisfysatisfy the the equilibriumequilibrium conditioncondition

on on bothboth the the heterogeneousheterogeneous and and homogeneoushomogeneous material.material.

Those two sets of equations are linearly independent so, when weThose two sets of equations are linearly independent so, when we impose the impose the 
equilibrium into the heterogeneous (m) material, the equilibriumequilibrium into the heterogeneous (m) material, the equilibrium condition of the condition of the 
homogeneous (b) material is not included. Then we canhomogeneous (b) material is not included. Then we can’’t have the equilibrium t have the equilibrium 
into both materials without loosing generality.into both materials without loosing generality.

The lack of equilibrium of The lack of equilibrium of (b) (b) createscreates anan Upper Upper BoundBound of the of the elasticelastic energyenergy, so , so 
wewe underestimateunderestimate the the amountamount of of stifnessstifness neededneeded toto match the match the energyenergy



The The SecondSecond GradientGradient -- MindlinMindlin ModelModel

The The SecondSecond GradientGradient MindlinMindlin Model Model usesuses the the secondsecond gradientgradient of the of the 
displacementdisplacement toto describedescribe a a secondsecond orderorder elasticelastic potentialpotential. . 

The The isotropicisotropic MindlinMindlin model model usesuses the 5 the 5 invariantsinvariants of the of the secondsecond gradientgradient tensortensor



EnergyEnergy matchingmatching

IfIf wewe describedescribe the the energyenergy gap in gap in termsterms of the of the secondsecond gradientgradient tensortensor
componentscomponents

And And consideringconsidering the the MindlinMindlin energyenergy fromfrom the the elasticelastic potentialpotential



EnergyEnergy matchingmatching

WeWe obtainobtain the the perfectperfect matchingmatching withwith the the solutionsolution::

ConclusionsConclusions and and furtherfurther developmentsdevelopments

The The solutionsolution isis::
* * AproximateAproximate, and the error , and the error decreasesdecreases forfor veryvery smallsmall inclusionsinclusions

* * GivesGives a a lowerlower boundbound estimaionestimaion of the of the stifnessstifness contributioncontribution neededneeded fromfrom the the 
MindlinMindlin model in model in orderorder toto obtainobtain the first and the first and secondsecond orderorder homogeneizationhomogeneization

WeWe can can improveimprove the the solutionsolution withwith::

* * ImposingImposing the the globalglobal equilibriumequilibrium withwith the the contibutioncontibution of the of the couplecouple
stress stress generatedgenerated byby the the MindlinMindlin modelmodel
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