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Simplest heterogeneous model: inclusion

The simplest model ofi heteregeneeus material Is the matrix-(small)inclusion
model
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First order homogenization

Energy matching by Impesing the same first order displacement field
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First order homogenization

Sowe obtain the elastic constants of the homogenized material
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Notice that we den’t see any shape effect into that result
as leng as the inclusion Is diluited (f is infinitesimal)




Second order homogenization

'he strain becomes

The elastic potential

The elastic
energy
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Second order homogenization

\We Impese a displacement field te either the heteregeneous and the
NoMoegeneeuUs material and match the second erder average strain
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Se We Impose the same displacement field
TThe energy contribution of the small inclusion Is higher order infinitesimal so
can be neglected
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Then we compare the elastic energies

\We fill the secondi order energy gap with a second
order energy due to the Mindlin model




Equilibrium condition - lack of generality

Tihe second order displacement field must satisty the eguilibrium condition
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O both the heterogeneous and hemoegeneous material.

TThese twao sets ofi eguations are linearly independent so, when we impose the
equilibrium Inte the heterogeneous (m) material, the equilibrium condition of the
homogeneous () material Is not iIncluded. Then we can’t have the equilibrium
Inte heth maternals without loesing generality.

Tthe lack off equilibrium ofi (o) creates an Upper Bound of the elastic energy, so
Wwe underestimate the amount of stifness needed to match the energy
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The Second Gradient - Mindlin Model

TThe Second Gradient Mindlin Medel uses the second gradient ofi the
displacement te descrilte a second order elastic potential.
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Energy matching

[ifwe describe the energy gap In terms of the second gradient tensor
COMpPONENLS
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And considering the Mindlin energy from the elastic potential
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Energy matching

\We ebtain the perfect matching with the solution:

Conclusions and further developments

The selutien Is:
* Aproximate, and the error decreases for very small inclusions

* Glves a lower bound estimaion of the stifness contribution needed from the
Mindlin. model in erder to obtain the first and second order homogeneization

\We can improve the solution with:

* Imposing the global equilibrium with the contibution of the couple
stress generated by the Mindlin model
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